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The Thrust of a Collisional-Plasma Source
Amnon Fruchtman, Senior Member, IEEE

Abstract—The thrust provided by a plasma source, open at one
end, is calculated for an arbitrary ratio of collision to ionization
rates. If the plasma is of a low collisionality, ion pumping is
dominant, and the momentum of the jet exiting the source is carried mostly by the plasma. In the collisional regime, neutrals are
accelerated through charge-exchange collisions with ions, leading
to neutral pumping, so that most of the momentum of the jet
is carried by the neutral gas. It is shown that these ion–neutral
collisions increase the thrust for a given power. However, the
conventionally defined efficiency for a thruster, reflecting also the
propellant utilization, is lower in the collisional regime.

is then ṁ = 2mΓ, and the ratio of thrust to power, the specific
impulse

Index Terms—Ballistic neutrals, electric propulsion, ion-neutral
collisions, plasma accelerators, plasma thrusters.

become

Isp ≡

P

LASMAS are used in electric propulsion employing either
electric-field pressure (as in ion thrusters) or magneticfield pressure (as in Hall thrusters) [1]. Recently, the use of
plasmas in electric propulsion, which employ only their own
pressure for acceleration, is being considered [2]–[18]. In our
study of the thrust that can be delivered by a plasma due
to its own pressure, we examined theoretically the thrust of
an unmagnetized collisionless-plasma source [19] and some
aspects of the thrust of a collisional-plasma source [20]. We
also examined experimentally and theoretically the effect of
ion-neutral collisions on the thrust in a magnetized plasma
source [21], [22]. Here, we generalize these previous studies
and calculate the thrust for an arbitrary plasma collisionality.
We show that, as the collisionality is increased, the thrust for
a given power increases, although the conventionally defined
efficiency decreases.
Let us describe a reference case of cold collisionless particle
beams. We consider a tube with one open end. A gas with
a particle flux per unit area Γ and a velocity v0 is ejected
out of the open end. The mass of each particle is m. Since
no external force is exerted on the gas, the thrust density at
the open end, for example, to the right mΓv0 , is balanced by
that of particles that move to the left, carrying an opposite
thrust −mΓv0 per unit area. If the particles that move to
the left are specularly reflected at the wall, the thrust density
delivered to the wall is F = 2mΓv0 . The power deposited in
the plasma is PT = 2mΓv02 /2. The mass flow rate per area unit
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(g is the free-fall acceleration), and the efficiency
η≡

F2
2ṁPT

F
2
2mΓv0
=
=
2
PT
2mΓv0 /2
v0

I. I NTRODUCTION

F
ṁg

η=

Isp =

(2)

v0
2mΓv0
=
2mΓg
g

(2mΓv0 )2
= 1.
2 × 2mΓ × 2mΓv02 /2

(3)

If the particles lose all their energies at the wall in inelastic
collisions, then F = mΓv0 , the mass flow rate per area unit is
ṁ = mΓ, and the power is PT = 2mΓv02 /2, so that
F
1
mΓv0
=
=
PT
2mΓv02 /2
v0
η=

Isp =

v0
mΓv0
=
mΓg
g

(mΓv0 )2
= 0.5.
2 × mΓ × 2mΓv02 /2

(4)

These relations exhibit what is true in general, i.e., the lower
the flow velocity v0 (and specific impulse) is, the higher the
thrust for a given power is, which is the well-known tradeoff
between having a large specific impulse and a large thrust. In
the following analysis, we also include a finite pressure of the
electrons and ion-neutral collisions and examine how the simple
relations (3) and (4) are modified. The more general analysis
shows that, indeed, the ion-neutral collisions that slow down the
ions (and reduce the specific impulse) do result in a larger thrust
for a given power, equivalently to the aforementioned relations
and similarly to what we showed in [21] and [22]. Obviously,
the energy required to be deposited in the plasma source is not
only the kinetic energy but also the energy needed for ionization
and the energy that is lost in the sheath near the back wall [19].
In Section II, we present the relations between the plasma
density, Mach number, and particle flux density for arbitrary
collisionality, which are the relations that we previously derived
in [20]. In Section III, we write expressions for the thrust,
specific impulse, and efficiency as functions of the ratio of
collision to ionization rates. In Section IV, we write expressions
for the collision and ionization rates as functions of the electron
temperature. In Section V, we specify the neutral-gas dynamics.
This allows us to write equations for the variation of the flow
variables along the discharge tube. In Section VI, we derive
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solutions for the equations at certain asymptotic limits. In
Section VII, we present numerical examples.

Γ = ncM

II. F LOW VARIABLES

d(mnv 2 )
= neE − mβc N nv.
dz

(5)

Here, n is the density of the quasi-neutral plasma, T is the
(assumed constant) electron temperature, e is the elementary
charge, E is the intensity of the ambipolar electric field, m is
the ion mass, v is the velocity of the plasma flow, and N is
the density of the neutrals. Moreover, βc is the rate constant
of ion collisions with neutrals. We neglected the momentum
transfer between electrons and heavy particles in the electron
momentum equations, which is a term that we retained in [20].
Adding the two momentum equations, we obtain the standard
collisional-plasma momentum equation
2

d(mnv + nT )
= −mβc N nv.
dz

(6)

Γ ≡ nv

(7)

in which β = β(T ) is the ionization rate constant and Γ is the
plasma particle flux density. Combining the two equations, we
obtain the relation
d(mnv 2 + nT )
mβc
=−
v.
dΓ
β

(8)

This equation can be written in the form
d ln Γ
(1 − M 2 )
=
dM 2
2M 2 [1 + M 2 (1 + βc /β)]

(9)

in which
M≡

v
c

1

(10)

is the Mach number and c ≡ (T /m)1/2 is the ion acoustic
velocity. Equation (9) shows that the flux does not grow
with the velocity beyond M = 1. We assume that the Mach
number is unity at the plasma boundaries. The equation is



1+ 1+β1

.

(11)

c /β

Here, n0 is the maximal plasma density (where M = 0). The
maximal Γ and the minimal n, both at the plasma boundary, are
Γmax = nmin c

nmin =

n0
R

(12)

where
R≡

1
n0
= (2 + βc /β) 2
nmin



1+ 1+β1

c /β


.

(13)

Note that R is a function of βc /β only. This ratio of the maximal
and minimal plasma densities is an important parameter (in
[24], for example, nmin /n0 is denoted as gs ). The asymptotic
values of R are
βc /β = 0 =⇒ R = 2

βc /β  1 =⇒ R = (βc /β)1/2 . (14)

In the next section, we turn to calculating the thrust, specific
impulse, and efficiency.
III. T HRUST, S PECIFIC I MPULSE , AND E FFICIENCY
We first calculate the potential drop across the (quasi-neutral)
plasma
a

a
E dz = −

Δϕ =
z0

The continuity equation is
dΓ
= βN n
dz

n0

n=

[1 + M 2 (1 + βc /β)] 2

Let us consider a gas and a plasma that are contained in
a long and straight tube, for example, cylindrical, where the
cylinder axis lies parallel to the z-axis. There is no energy and
momentum exchange with lateral walls, as collisions of the
plasma with the wall are impeded by a strong axial magnetic
field. A neutral gas is injected through the back wall, at z = 0,
and neutrals and plasma flow out of the tube through one end
only, located at z = a.
We present relations for a collisional plasma between the
flow, velocity, and density that are independent of the neutral
density profile, similar to those derived in [20]. We approximate
the modeling of the plasma by a 1-D description. The momentum equations for the electrons and ions are
d (nT )
= −neE
dz

integrated, and the plasma flux density and plasma density are
expressed as

T
1 ∂(nT )
dz = ln R.
ne ∂z
e

(15)

z0

Here, z0 is where the electric field is zero (and also M = 0). At
the two opposite limits, we obtain
T
ln 2
e
T
βc /β  1 =⇒ Δϕ = ln(βc /β)1/2 .
e
βc /β = 0 =⇒ Δϕ =

(16)

Note that, even if, due to nonuniform neutral-gas density, the
plasma is not symmetric with respect to z0 , the potential values
at both ends of the plasma are the same ϕ(z = 0) = ϕ(z = a).
At the back wall, there is also a voltage across the nonneutral
sheath. Note also that Δϕ, which is the maximal voltage drop
across the plasma, is a function of the electron temperature
and the atomic cross sections and is independent of the plasma
particle flux density or the neutral-gas density. Obviously, the
electron temperature itself does vary with the plasma particle
flux density and the neutral-gas density.
We now calculate the thrust, the specific impulse, and the
efficiency that are expected of a plasma that is used as a thruster
in the simple configuration assumed here. We assume that the
plasma pressure is large enough, so that it is larger than the
pressure of the not-accelerated neutral gas. The thrust per unit
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area is the plasma maximal pressure n0 T and can also be
written as

where G is defined as

F = n0 T = mΓmax cR.

(17)

 1

βc
G ≡ 2+
β
0

The thrust is composed of ion, electron, and neutral-gas
contributions
F = Fi + F e + F N

Fe = Fi = nmin T = mΓmax c

FN = mΓmax c(R − 2).

(18)

At the two opposite limits
βc /β = 0 =⇒ F = 2mΓmax c = 2Fe

FN = 0

βc /β  1 =⇒ F = FN = (βc /β)1/2 mΓmax c.

(19)

We note that, in the absence of a magnetic-field pressure,
the only source of thrust for a plasma is its own pressure. The
current-free double layer discovered in helicon sources [3] was
suggested to be used for producing thrust [2]. The upstream
plasma pressure is still the only source of the thrust even in the
presence of the double layer [6]. The plasma pressure is then
not simply expressed as in (17), however. That plasma pressure
could be increased by the presence of an accelerated (by the
double layer) electron beam upstream, a presence which is still
debated [13], [14], [17].
We also note that, in the case of a magnetic-nozzle configuration [4], [5], [8], [12], the main contribution to the thrust
is by the magnetic-field pressure. The magnetic-field pressure
effectively increases the back-wall area, allowing the same
plasma pressure to result in a larger force [6].
In our analysis here, we restrict ourselves to a simple form
of the electron pressure and to a straight geometry. The specific
impulse is
Isp =

c
n0 T
= ηm R
ṁg
g

(20)

mΓmax
ṁ

(21)

where
ηm ≡

is the propellant utilization. We assume that the velocity of the
neutral gas injected from the back wall and its contribution to
the thrust are negligible. At the two opposite limits
βc /β = 0 =⇒ Isp = 2ηm c/g
βc /β  1 =⇒ Isp = (βc /β)1/2 ηm c/g.

(22)

In order to estimate the efficiency, we have to know how
much power is deposited in the discharge. We now calculate
PE , which is the power deposited in the plasma ions due to
the force by the ambipolar electric field (collisions may transfer
part of that power and part of the thrust to neutrals)
a
PE =

nveE dz = 2cn0 T G = 2Γmax T RG
0

(23)

M2
1

[1 + M 2 (1+βc /β)] 2



3+1+β1

 dM. (24)

c /β

Note that G is a function of the ratio βc /β only. We used the
relations vneE = −v∂(nT )/∂z = −cT M (∂n/∂M )dM . The
same power PE /2 is deposited in each of the two regions of
the discharge at the two sides of the density maximum, even if
the discharge is not symmetric.
At βc /β = 0, the function G takes the value G = 0.2854,
and then, G slightly increases as βc /β increases, reaching its
maximal value G = 0.3063 at βc /β = 3.52. The function G
then decreases monotonically as βc /β increases


βc /β  1 =⇒ G = (β/βc )1/2 ln(2 βc /β) − 1 .
(25)
The decrease is obviously slow; only at βc /β = 260, the value
of the function G drops to G = 0.153, which is half its maximal
value.
The power flow carried by the electrons at each of the two
plasma edges is Γmax (3/2)T . The power carried out of the
plasma in the flow Pf is
Pf = PE + 3Γmax T = Γmax T (2RG + 3)

(26)

and is carried either by the neutrals, ions, or electrons. The total
power is
PT = Pf + L = Γmax T (2RG + 3) + L.

(27)

The losses L can be written as
L = Γmax (2εc + εsh )

(28)

where εc is the ionization cost per ion–electron pair and εsh
denotes the sheath losses per ion-electron pair [23]. The losses
L, which vary with T , are expected to be several tens of
electronvolts per ion-electron pair and to reduce significantly
the efficiency of a plasma thruster [19]. We are not addressing
here this issue of losses.
At the two opposite limits
βc /β = 0 =⇒ PE = 1.141 6Γmax T
Pf = 4.141 6Γmax T


βc /β  1 =⇒ PE = 2Γmax T ln 2 βc /β − 1


Pf = Γmax T 2 ln 2 βc /β + 1 .

(29)

At the collisionless limit βc /β = 0, we may express PE alternatively as the kinetic energy carried by the ions exiting
the discharge instead of as the calculated work per unit time
on the ions by the ambipolar electric field, as in (23). The
power would then be PE = 2mΓmax c2 /2 = Γmax T and is
somewhat different than the value obtained in (29), reflecting
the inconsistency of the assumption of zero ion temperature for
an ionizing plasma.
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Fig. 1. (Solid line) Dimensionless thrust over power 2cF/Pf (= 2cF/PT
for L = 0) as a function of the ratio βc /β, according to (30). (Dashed line)
Also shown is this quantity calculated by the approximated expression that
holds for βc /β  1 (31).

The ratio of thrust to power is
1
F
.
=
PT
2c {G + [1.5 + L/(2Γmax T )] /R}

(30)

Fig. 2. Variations as functions of T for an argon plasma of βc /β [according
to (34) and (35)], F/Pf [according to (30) with L = 0] in 0.1 N/kW, and Δϕ
[according to (15)] in volts.

For a given propellant utilization ηm , the ionization increases
with an increase of the collisionality βc /β. However, as we
show hereinafter, ηm is expected to decrease when the collisionality is increased, resulting in a lower efficiency for a higher
collisionality.

At the two opposite limits
IV. VARIATION W ITH THE E LECTRON T EMPERATURE

βc /β = 0
=⇒

F
1
=
PT 2c [1. 035 4 + L/(4Γmax T )]

βc /β  1
=⇒

F
1

=
.

PT 2c(β/β )1/2 ln 2 β /β +0.5+L/(2Γ
c
c
max T )
(31)

If the kinetic energy of the ions is used in the calculation, as
explained earlier, 1.0354 is replaced by unity.
Fig. 1 shows 2cF/Pf (= 2cF/PT for L = 0) as a function
of the ratio βc /β, according to (30). It can be seen in the
figure that this dimensionless thrust over power increases as
the collisionality is increased. Also shown in the figure is this
quantity calculated by the approximated expression that holds
for βc /β  1 (31).
The efficiency is expressed as η = (g/2)Isp F/PT , and
therefore
η=

ηm R
.
4 {G + [1.5 + L/(2Γmax T )] /R}

(32)

At the two opposite limits
ηm
2 [1.0354 + L/(4Γmax T )]
ηm

βc /β  1 =⇒ η =
.

4(β/βc ) ln(2 βc /β)+0.5+L/(2Γmax T )
βc /β = 0 =⇒ η =

(33)

We now calculate how F/Pf and Δϕ vary with the electron
temperature T for an argon plasma. For that, we specify the
dependence of βc /β on T . We take the ion-neutral collision
rate constant as [23]

1/2
αR
−16
βc = 8.99 × 10
m3 /s
(34)
AR
where AR is the reduced mass in atomic mass units and αR
is the relative polarizability. In our case, in which ions and
neutrals are of the same mass, AR = A/2. The ionization rate
constant, when the electron distribution is Maxwellian, is
β = σ0 vte exp −

i

T

(35)

where vte ≡ (8T /πme )1/2 is the electron thermal velocity
and σ0 ≡ π(e2 /4π 0 i )2 , with 0 being the permittivity of the
vacuum and i being the ionization energy. Equation (35) is
an approximated form, for T  i , of the rate constant given
in [23]. In our example of an argon discharge, A = 40, i =
15.6 eV, and αR = 11.1.
Fig. 2 shows several quantities as functions of T for an argon
plasma. These are βc /β [according to (34) and (35)], F/Pf
[according to (30) with L = 0], and Δϕ [according to (15)].
V. N EUTRAL P UMPING
In order to calculate the efficiencies, we need to solve selfconsistently for the dynamics of the plasma and neutral gas. We
assume that the neutrals are injected through the wall at z = 0
and move ballistically to the right (positive z), all with the same

534

IEEE TRANSACTIONS ON PLASMA SCIENCE, VOL. 39, NO. 1, JANUARY 2011

constant slow velocity va . Since some of these slow ballistic
neutrals are ionized or being accelerated through collisions with
fast ions, their flux density Γs (z) and density Ns (z) vary along
the source. We assume, however, that neutrals, which were not
ionized or accelerated by collisions, maintain their velocity, so
that the relation va = Γs (z)/Ns (z) holds. Some of the neutrals
are accelerated through charge-exchange collisions with fast
ions, leaving quickly the system, either to the right or to the
left, in the direction of the plasma flow. In [20], we made a
distinction between this process of depleting neutrals through
their collisions with ions, which we called neutral pumping,
and the process of depleting neutrals through ionization, which
we called ion pumping. The fast component of the neutral
flow, resulting from these charge-exchange collisions, is of a
flux density Γf (z) and density Nf (z). Particle conservation is
expressed as

the left-hand side of (6) in terms of variables M and
Γ (n = Γ/cM )




dM
1 dΓ
βc
1
+ M+
= − N Γ.
Γ 1− 2
M
dz
M dz
c

Γ + Γs + Γf =

ṁ
m

(36)

where ṁ is the mass flow rate per area unit, and the total
neutral-gas density is
N = Ns + Nf .

We then express dΓ/dz with the right-hand side of the
continuity equation (7). Finally, we employ (43) to write
an expression for N , in which, for Γ, following (11) and
(12), we use the expression Γ = Γmax RM/[1 + M 2 (1 +
βc /β)](1/2)(1+(1/(1+βc /β))) . The resulting governing equation,
which is an equation for the plasma Mach number, is
⎡
⎤
β
RM
dM

⎦
= Q⎣1−ηmc
(1−M 2)
1
1+ 1
dξ
c
[1+M 2 (1+βc /β)] 2 1+βc /β




βc
2
× M 1+
+1
(44)
β
where

(37)

ξ≡

z
a

Q≡

ṁ
τN
m

τN ≡

a
va

(45)

The continuity equations for the various species are
dΓ
dΓs
= β(Ns + Nf )n
= −βNs n − βc Ns n (38)
dz
dz
dΓf
= βc Ns n − βNf n.
(39)
dz

with τN being the transit time of the slow neutral-gas particles,
and


βc
(46)
ηmc ≡ 1 +
ηm ≤ 1.
β

We assume that the residence time of the fast neutral-gas
particles is much shorter than that of the slow neutrals. The
density of the fast neutral-gas particles is then much lower than
the density of the slow neutral-gas particles so that

Note that ηm is always smaller than unity when βc = 0. The
appropriate propellant utilization is ηmc that expresses also
neutral pumping. The boundary conditions are

Nf  Ns

N∼
= Ns .

Because of their short residence time, we also assume that
the ionization of the fast neutrals is negligible. The continuity
equations are then approximated as
dΓ
dΓs
= βNs n
= −(β + βc )Ns n
dz
dz
dΓf
= βc Ns n.
dz

(41)

From here, we obtain the relation
βc
Γf = Γ
β
and therefore, (36) becomes


βc
ṁ
1+
Γ + N va = .
β
m

M (ξ = 0) = −1 M (ξ = 1) = 1.

(40)

(47)

Using these boundary conditions, we write the solution for
(44) as (48), shown at the bottom of the next page, with the
solvability condition given in (49), also shown at the bottom of
the next page. In addition to (49), we use the energy balance
equation (26) to write


H
βc
(50)
ηmc = 1 +
β T (2RG + 3)
where

(42)
H=

(43)

This way, we express the varying neutral-gas density N (z) as a
function of the varying plasma particle flux density Γ(z).
We now combine the equations for the plasma with
the expression for the neutral-gas density. We first express

Pf
ṁ/m

(51)

is the power deposited in the flow per particle. Before we turn
to numerical examples, let us discuss some asymptotic limits.

VI. A SYMPTOTIC L IMITS
We present three asymptotic limits: low neutral-gas depletion, collisionless plasma, and highly collisional plasma.
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A. Uniform Neutral-Gas Density
Let us assume that the neutral-gas density is uniform N =
ṁ/(mva ). We substitute ηmc = 0 in (48) and (49). The solution
becomes [24]

(2 + βc /β) arctan M (1 + βc /β)1/2 − M (1 + βc /β)1/2


1
3/2 βQ
= (1 + βc /β)
ξ−
(52)
c
2
where


(2 + βc /β) arctan (1 + βc /β)1/2 − (1 + βc /β)1/2
= (1 + βc /β)3/2

βQ
. (53)
2c

At the two opposite limits, we recover the linear collisionless
and diffusion cases
βQ
π
−1=
2
2c
Q
π
βc /β 1 =⇒ = (ββc )1/2 .
2
2c
βc /β = 0 =⇒

B. Collisionless Case







1−η
−1−η
m
m
2 arctan 
−arctan 
+ 2 1−ηm
2
2
1−ηm
1−ηm
=

β
Q.
c

(56)

Equations (55) and (56) were presented in [19]. Note that
the equations at the linear collisionless limit presented in
Section VI-A are recovered if ηm = 0 is substituted in (55)
and (56).
We add the power balance (50) approximated in the collisionless limit by using ηm = ηmc , R = 2, and G = 0.2854, as
explained earlier. The approximated power balance therefore
becomes
ηm =

H
.
4. 141 6T

C. High-Collisionality Case
(54)

As in Section VI-B, we allow neutral-gas depletion so that N
is not uniform, but here, we examine the opposite limit of high
collisionality βc /β  1 in which neutral pumping described
earlier is dominant. We repeat here the analysis of this case presented in [20]. We assume that 1 − M 2  1,
approximate the
plasma particle flux density as Γ = cM n0 / 1 + M 2 (βc /β),
and define Γn ≡ (Γ/n0 c)(βc /β)1/2 . We then change the variable of integration in (48) and (49) from M to Γn . The equations are integrated to

We now allow neutral-gas depletion so that N is not uniform.
We first examine the collisionless case βc = 0 so that ηmc =
ηm . Equations (48) and (49) become
 2

M + 1 − 2ηm M
− 1 − M − ηm ln
Γn − ηmc
2 + 2ηm


= cot [π(1 − ξ)]
2
1 − Γ2n 1 − ηmc






M −ηm
−1−ηm
2 arctan 
−arctan 
+ 2 1−ηm
with the solvability condition
2
2
1−ηm
1−ηm
 1/2
β
β
π
β
Q=
.
(55)
= Qξ
2 )1/2
c
β
c
c
(1 − ηmc
and


− 2 − ηm ln

1 − ηm
1 + ηm

M
−1

(58)

(59)

Equations (58) and (59) were presented in [20]. Note that
the linear diffusion limit of Section VI-A is recovered by
substituting ηmc = 0 in (58) and (59).

(1 − M 2 )dM
β

 = Qξ


1
1
c
− 1+ 1+β /β
c
M
[M 2 (1 + βc /β) + 1] 1 − ηmc R [1 + M 2 (1 + βc /β)] 2

1
−1



(57)

β
(1 − M 2 )dM


 = Q
1
1
c
− 1+ 1+β /β
c
M
[M 2 (1 + βc /β) + 1] 1 − ηmc R [1 + M 2 (1 + βc /β)] 2

(48)

(49)
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Fig. 3. Variation with T . The three curves on the right side are for H =
25 eV/particle (low collisionality). The three curves on the left side are for
H = 0.1 eV/particle (high collisionality). The gas is argon. The “R” and “L”
in the units in the legend refer to the curves on the right and left, respectively.

We add here the power balance, which is the approximated
form of (50)
ηmc =

H
βc

.

β T 2 ln 2 β /β + 1
c

(60)

In this neutral pumping limit βc /β  1, we express the
specific impulse as
Isp =

2c
ηmc (β/βc )1/2
g

(61)

and the efficiency as
η=

ηmc
.

4 ln 2 βc /β + 0.5 + L/(2Γmax T )


(62)

At the limit where ηmc 1, the specific impulse and the
efficiency decrease with the increase of the collisionality βc /β.
In the next section, we turn to numerical examples.
VII. N UMERICAL E XAMPLES
We specify H and Q and solve (49) and (50) for argon to
find ηmc and T . In the examples here, H takes two values: 0.1
and 25 eV/particle. The normalized gas flow rate Q was varied
continuously in the calculation. We chose to show the variables
as a function of T on the horizontal axis in Figs. 3 and 4. Fig. 3
therefore shows Q as a function of T for argon (the dependence
of βc /β on T is shown in Fig. 2). Also shown in Fig. 3
are τN F = mQcηm R [calculated by using (17) and (21)] and
Isp = cηm R/g. For evaluating these expressions, we calculate
the propellant utilization as ηm = ηmc /(1 + βc /β). Note that
τN F is in units of impulse per unit area (which are used to
measure a dynamic viscosity). However, τN F represents the
thrust density (which is in units of pressure), and for specified
τN and cross-sectional area of the tube, τN F represents the
thrust itself. The three curves on the right side of the figure

Fig. 4. Efficiencies as functions of T . The ionization and sheath losses at the
back wall are neglected [L = 0 in (32)]. The three curves on the right side are
for H = 25 eV/particle (low collisionality). The three curves on the left side
are for H = 0.1 eV/particle (high collisionality). The gas is argon.

are for H = 25 eV/particle. Since βc /β  1 for those values
of T , these curves describe the behavior near the collisionless
limit. The three curves on the left side of the figure are for
H = 0.1 eV/particle, and they mostly describe the behavior in
the collisional regime. It can be seen in the figure that Isp is
much larger in the collisionless case, while τN F is considerably
larger in the collisional case.
Fig. 4 shows the efficiencies ηmc , ηm , and η as functions
of T for the same two values of H mentioned previously.
Since, near the collisionless limit (the three curves on the right
side of the figure), ionization (ion pumping) is dominant over
the charge-exchange collisions, ηmc and ηm are of a similar
value. The highest calculated efficiency is close to 0.5, which
is the maximal possible value, as shown in the Introduction.
In the collisional case (the three curves on the left side of
Fig. 4), the efficiency ηmc almost reaches unity at a low T
while ηm is still very low since charge-exchange collisions
are dominant over ionization. Neutral pumping is the dominant
process here. The efficiency η [according to (32) with L = 0] is
very low. Figs. 3 and 4 show that the thrust for a given power is
larger in a collisional plasma while the conventionally defined
efficiency is higher for a low-collisionality plasma. We note
that taking a realistic finite value for L, expressing ionization
cost and sheath losses, should make the efficiency considerably
lower [19].
Figs. 5–8 show the profiles of densities and thrust in lowcollisionality (Figs. 5 and 7) and high-collisionality (Figs. 6 and
8) argon plasmas. In Figs. 5 and 7, H = 25 eV/particle, and
Q = 2.32 × 1018 m−2 , resulting in T = 7 eV, βc /β = 0.1351,
c = 4094 m/s, ηmc = 0.9709, ηm = 0.8553, and η = 0.4266.
Also, τN F = 1.108 mPa · s, and F/Pf = 0.1197 N/kW. Note
that F/Pf ∼
= 1/(2.07c) according to the first equation in (31).
In Figs. 6 and 8, H = 0.1 eV/particle, and Q = 2.77 ×
1020 m−2 , resulting in T = 1.86 eV, βc /β = 128.9, c =
2110 m/s, ηmc = 0.9499, ηm = 0.0073, and η = 0.0676. Also,
τN F = 3.329 mPa · s, and F/Pf = 0.7515 N/kW. It is easily
verified that F/Pf satisfies the second equation in (31).
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Fig. 5. Profiles of the normalized plasma and neutral-gas densities in argon for
the low-collisionality case of H = 25 eV/particle and Q = 2.32 × 1018 m−2
(resulting in T = 7 eV, βc /β = 0.1351, c = 4094 m/s, ηmc = 0.9709,
ηm = 0.8553, and η = 0.4266). The gas inlet is on the left, and the exit, which
is the open boundary, is on the right.

Fig. 6. Profiles of the normalized plasma and neutral-gas densities in argon
for the high-collisionality case of H = 0.1 eV/particle and Q = 2.77 ×
1020 m−2 (resulting in T = 1.86 eV, βc /β = 128.9, c = 2110 m/s, ηmc =
0.9499, ηm = 0.0073, and η = 0.0676). The gas inlet is on the left, and the
exit, which is the open boundary, is on the right.

The two examples were chosen at the low temperature edge
of the two sets of curves in Figs. 3 and 4; in both examples, ηmc
is close to unity. It is clear also from these examples that τN F
and F/Pf are considerably larger while the efficiency is much
lower in the high-collisionality case.
Using (11), (17), (21), and (45), we write nτN , which is
proportional to the plasma density, as
Qηm R

nτN =
c [1 +

M2

(1 + βc /β)]

1
2



1+ 1+β1

.

(63)

c /β

Similarly, using also (43), we write N a, which is proportional
to the neutral-gas density, as
⎧
⎫
⎨
⎬
ηmc RM


Na = Q 1 −
.
(64)
1
⎩
1+ 1+β1 /β ⎭
c
[1 + M 2 (1 + βc /β)] 2

Fig. 7. Profiles of the normalized thrust densities of the electrons, ions,
and neutrals in argon for the low-collisionality case of the same parameters
as in Fig. 5: H = 25 eV/particle and Q = 2.32 × 1018 m−2 (resulting in
T = 7 eV, βc /β = 0.1351, c = 4094 m/s, ηmc = 0.9709, ηm = 0.8553,
and η = 0.4266). The units are of impulse density (in millipascal seconds).
The gas inlet is on the left, and the exit, which is the open boundary, is on the
right. At the boundaries, most of the momentum is carried by the plasma.

Fig. 8. Profiles of the normalized thrust densities of the electrons, ions, and
neutrals in argon for the high-collisionality case of the same parameters as in
Fig. 6: H = 0.1 eV/particle and Q = 2.77 × 1020 m−2 (resulting in T =
1.86 eV, βc /β = 128.9, c = 2110 m/s, ηmc = 0.9499, ηm = 0.0073, and
η = 0.0676). The units are of impulse density (in millipascal seconds). The
gas inlet is on the left, and the exit, which is the open boundary, is on the right.
At the boundaries, most of the momentum is carried by the neutral gas.

Note that the maximal and minimal values of N a are Q(1 +
ηmc ) (at the back wall) and Q(1 − ηmc ) (at the exit) for any
value of βc /β. The maximal value of nτN is 2Qηm /c for a
collisionless plasma (βc /β = 0) and Qηm (βc /β)1/2 /c for a
collisional plasma (βc /β  1). The minimal value of nτN is
Qηm /c for any value of βc /β.
Figs. 7 and 8 show the momentum along the discharge, for
the same set of parameters as in Figs. 5 and 6, respectively. We
use again (11) and (17) to express τN Fez , which is in units of
impulse per unit area but is proportional to the electron pressure
Fez = nT , as
1

τN Fez = τN F
[1 +

M2

(1 + βc /β)]

1
2



1+ 1+β1

c /β



(65)
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where τN F = mQcηm R, as before. The normalized ion thrust
density τN Fiz (τN multiplied by the ion thrust density Fiz =
mΓv) is

case, the thrust turns out to be 0.0333 N, and the deposited
power (for L = 0) is 44.3 W.

τN Fiz = τN F

M2
[1 + M 2 (1 + βc /β)]

1
2



1+ 1+β1 /β
c



(66)

while the normalized neutral-gas thrust density τN FN z (τN
multiplied by the neutral-gas thrust density FN z = n0 T −
Fez − Fiz ) is
⎧
⎫
⎨
⎬
2
1+M


τ N FN z = τN F 1 −
.
1
⎩
1+ 1+β1 /β ⎭
c
[1 + M 2 (1 + βc /β)] 2
(67)
The normalized thrust densities represent the relative contributions of the electrons, ions, and neutrals to the momentum of the
jet and to the thrust. As shown in Figs. 7 and 8, in both low- and
high-collisionality plasmas, at the peak of the plasma density,
the total pressure is equal to the electron pressure (within the
model here), while the ion and neutral momenta are zero there.
At each of the tube ends, however, the ion contribution to the
thrust becomes equal to the electron contribution. In the lowcollisionality case, the sum of the electron and ion momenta
nearly equals the total pressure. In the collisional case, this
sum is small, and most of the momentum is carried by the
neutral gas.
Once τN is specified, in addition to Q, the particle flow rate
density ṁ/m is determined. Let us assume that τN = 10−3 s.
In the low-collisionality case shown in Figs. 5 and 7, the
particle flow rate density turns out to be then ṁ/m = 2.32 ×
1021 m−2 · s−1 , while in the collisional case shown in Figs. 6
and 8, it is ṁ/m = 2.77 × 1023 m−2 · s−1 . The power density
(for L = 0) Pf = H ṁ/m is determined as Pf = 9280 W ·
m−2 in the low-collisionality case and as Pf = 4430 W ·
m−2 in the collisional case. The maximal plasma density
turns out to be, according to (63), nmax = [Qηm /(cτN )](2 +
βc /β)(1/2)(1+(1/(1+βc /β))) . Therefore, in the numerical example of the low-collisionality case, nmax = 9.89 × 1017 m−3 ,
while in the numerical example of the collisional case, nmax =
1.12 × 1019 m−3 . The pressure (thrust density) is F = 1.108 Pa
in the low-collisionality case and is 3.329 Pa in the collisional case.
If we further choose the tube length to be a = 0.2 m
(corresponding to va = 200 m · s−1 ), the maximal and
minimal neutral-gas densities are, according to (64),
Nmax = (Q/a)(1 + ηmc ) and Nmin = (Q/a)(1 − ηmc ).
Therefore, in the low-collisionality example given here
(H = 25 eV/particle and Q = 2.32 × 1018 m−2 ), the neutralgas density varies between Nmax = 2.29 × 1019 m−3 and
Nmin = 3.38 × 1017 m−3 , while in the collisional example
(H = 0.1 eV/particle and Q = 2.77 × 1020 m−2 ), the neutralgas density varies between Nmax = 2.70 × 1021 m−3 and
Nmin = 6.93 × 1019 m−3 .
Let us now specify the cross-sectional area of the plasma
source as, for example, 10−2 m2 . In the low-collisionality case,
the thrust (the pressure multiplied by that area) is 0.0111 N, and
the deposited power (for L = 0) is 92.8 W. In the collisional

VIII. S UMMARY
We have analyzed the performance as a thruster of a plasma
source that uses only its own pressure for acceleration. The
source was assumed to have a constant cross section with no
nozzle effects, and we allowed an arbitrary plasma collisionality. We have shown that, as the collisionality is increased, the
thrust for a given power increases, although the conventionally
defined efficiency, reflecting also the propellant utilization,
decreases. The collisional regime might be advantageous in the
cases that propellant saving is not a major concern, such as
perhaps for air-breathing propulsion [25].
As mentioned before, in the estimate of the power deposited,
we only considered the power deposited in the ion acceleration. Ionization and back-wall losses are usually large. If also
included in the calculation, these losses are expected to result
in a considerably lower calculated efficiency. On the other hand,
once the simplifying assumption of a uniform electron temperature is removed, it is likely to result in a higher efficiency.
The assumption of a uniform electron temperature made here
is one possible reason for the lower efficiency found here than
in [11]. The assumption that the fast neutral-gas particles that
result from charge-exchange collisions do not experience either
ionizations or further charge-exchange collisions also results in
the underestimation of the efficiency. In a future analysis, these
simplifying assumptions will be relaxed.
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