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Abstract
A two-dimensional steady-state model is developed, in which, even though
ion inertia is retained, a variable separation allows us to analyse separately
the axial and the radial transports. For the axial transport (along magnetic
field lines) an integral dispersion relation is derived that includes a nonlinear
form that is obtained from the ion–neutral collision operator. The dispersion
relation is solved for various values of the Paschen parameter, and the
electron temperature and the axial profiles of the plasma density and plasma
potential are calculated. The solutions of the dispersion relation are shown
to have three asymptotic limits: collisionless, linear diffusion and nonlinear
diffusion. For the radial transport, the rate of which is determined by
electron cross-field diffusion, the full equations are numerically solved. The
calculations are compared to probe measurements performed at various
locations inside our helicon source for various magnetic field intensities and
wave powers. The proposition that the measured increase in the plasma
density with the increase of the magnetic field intensity is a result of an
improved confinement, is examined. For the parameters of the experiment
described here, this proposition implies that the electron collisionality is
much larger than expected from electron–ion and electron–neutral
collisions. A different explanation for the dependence of the density on the
magnetic field intensity is suggested, that the density increase that follows
an increase of the magnetic field intensity results from an improved
wave–plasma coupling via the helicon interaction, causing a larger fraction
of the total wave power to be deposited inside the helicon source.

1. Introduction
Considerations of particle and energy balance are often
used to estimate the electron temperature and density
in low temperature plasmas.
In models that describe
the steady-state in such plasmas, particle balance usually
determines the electron temperature, while energy balance
determines the plasma density [1]. In order to quantitatively
estimate the balance between volume ionization and transport
through the boundaries, the spatial distributions of the plasma
variables should be found by a solution of the appropriate fluid
equations. In this paper we present a theoretical model that
improves the calculation of particle and energy balance in low
temperature plasmas as well as of the spatial distributions of
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the plasma parameters. We then employ the model to analyse
the measurements in our helicon plasma source.
The model we develop concerns the common configuration of a finite length azimuthally symmetric plasma cylinder
that is immersed in an axial magnetic field. The fluid
equations that describe the plasma are two dimensional. The
transformation of these partial differential equations into two
sets of ordinary differential equations for the radial and for the
axial directions, as a result of a variable separation, provides
a convenient tool for the calculation of the distributions of the
plasma variables. Usually the variable separation technique
is used within the diffusion approximation. The first new
aspect of our model is the extension of the use of a variable
separation beyond the diffusion approximation also to cases
in which ion inertia is retained. That way we can analyse the
two-dimensional equilibrium by solving two separate sets of
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ordinary differential equations for the axial and for the radial
directions not only in the collisional regime but also in the
collisionless regime (in which the ion inertia is dominant).
The two sets of equations are decoupled except for two
parameters (one of them the electron temperature) which are
present in both sets. Upon imposing boundary conditions,
the two parameters turn into eigenvalues of the problem. The
governing ﬂuid equations and the separation of variables are
presented in section 2.
Ion–neutral collisions usually determine the plasma
conﬁnement along magnetic ﬁeld lines. The second new
aspect in this paper is the formulation of a model for these
collisions that has an extended regime of validity. Godyak [2]
has derived an expression for the drag the ions experience
due to their charge-exchange collisions with neutrals. He has
shown that, as a result of these collisions, the ion dynamics
is governed by a nonlinear diffusion equation, which he later
generalized to include the effect of ion inertia [3]. Recently,
Breizman and Areﬁev [4] have performed a kinetic analysis
of the ion dynamics, in which, by employing self-consistent
perturbative methods, they calculated the nonlinear drag on
the ions. In those treatments of the ion–neutral collisions the
neutral motion was neglected and the neutrals were therefore
considered an immobile background. When the ion velocity
is larger than the neutral velocity the neglect of the neutral
velocity is reasonable, since the relative ion–neutral velocity
approximately equals the ion velocity. However, when the ion
ﬂow velocity is small, the relative ion–neutral velocity is on the
order of the neutral thermal velocity that should not, therefore,
be neglected. In particular, for a high gas pressure the ion ﬂow
velocity is small in most of the plasma volume and the neglect
of the neutral thermal velocity is not justiﬁed. Indeed, the limit
on the validity of the nonlinear drag model, in which the neutral
thermal velocity is zero, has been pointed out by Godyak [3].
The regime of validity of our model is extended, since we
include in the collision operator collisions between ions and
neutrals of a ﬁnite-temperature Maxwellian distribution. In
our so-generalized model we do not, however, self-consistently
solve for the ion distribution function, as was done in [4] for
the immobile-neutrals case, but we rather assume a cold-beam
ion distribution function. With this simplifying assumption
we are able to integrate the collision operator and to derive
an approximated general form for the drag force between ions
and neutrals, a form that retains the nonlinear drag as well as
the effect of the neutral motion for low ion velocities. At the
limit of high gas pressure (in many cases around 10 mTorr, see
section 4) the general form of drag force on the ions derived
here ends up being linear in their velocity, correctly resulting
in the familiar linear diffusion, that has been excluded from the
previous models [2,4]. At intermediate pressures the nonlinear
diffusion [2,4] is recovered, and, when the pressure is low, ion–
neutral collisions become negligible altogether. The analysis
of the collision operator and the derivation of the generalized
form of the drag force are performed in appendix A.
In section 3 we employ the generalized form of the drag
force between ions and neutrals, derived in appendix A, to solve
the plasma dynamics along magnetic ﬁeld lines. We make an
approximation that allows us to employ the variable separation
that we introduced in section 2 and to analyse separately the
dynamics in the axial direction. We identify three distinct

regimes in which the ion dynamics takes three different forms.
Not surprisingly, the form that the ion dynamics along the
magnetic ﬁeld lines takes is determined by the value of a
dimensionless parameter that is proportional to the product
of the gas pressure and the plasma length (as is the Paschen
parameter), or, equivalently, to the number of ion mean free
paths along the system (the Knudsen number). When this
dimensionless parameter is small, the ions are collisionless.
At larger values of this parameter the nonlinear ion diffusion is
dominant, while at even larger values linear diffusion governs
the plasma dynamics. We determine the values of the Paschen
parameter at the transitions between the various regimes, and
derive the asymptotic values of various physical quantities.
In appendix B we apply the equations of section 2 for the
case that the ion inertia is neglected in both radial and axial
directions and derive two decoupled diffusion equations in the
two directions. The diffusion equation along the magnetic
ﬁeld lines is equivalent to the equations derived in section 3
and in the appropriate limits is reduced to either the standard
linear diffusion equation or to the nonlinear diffusion equation
previously derived [2]. When the ion inertia can be neglected
in the radial direction, the solution of the diffusion equation
in that direction provides us with a relation between the two
eigenvalues mentioned above, a relation that holds even if
the ion inertia is retained in the axial direction, along ﬁeld
lines. This relation, which is valid when the ion inertia can
be neglected in the radial direction, is used in appendix C to
express in a more explicit way the various asymptotic relations
derived in section 3. Numerical examples are presented in
section 4. The axial steady state is calculated for various cases
and the general solutions are compared to the solutions given
by the asymptotic limits.
A uniform gas density and a uniform electron temperature
are simplifying assumptions that we make in our model.
The assumption of a uniform gas density is valid at the
weak ionization regime, when the plasma only slightly
affects the gas parameters. The assumption of a uniform
electron temperature relies on the assumed high electron heat
conduction. Both assumptions simplify the analysis and allow
us to perform the variable separation that is inherent to our
model. However, when we assume a uniform gas density,
we ignore nonuniformities that result from neutral depletion
[5, 6]. Nonuniform electron temperature could follow a
nonuniformity in the gas density as well as nonuniformities
in the deposition of external energy in the plasma. Indeed,
the proﬁles of the plasma density that we deduce from
probe measurements in our helicon plasma source are not
symmetrical in the axial direction, indicating that at least one
of the assumptions, a uniform neutral density or a uniform
electron temperature, does not hold. In order to take advantage
of the variable separation we apply our model to the experiment
nevertheless, assuming that the experimental and theoretical
average values of the temperature and the density should
be similar. Although a considerable number of theoretical
investigations have been carried out that addressed the spatial
distribution of the wave energy deposition in the plasma [7–12]
and some have also used the calculated distribution of energy
deposition to calculate the nonuniform distribution of the
electron temperature [13–15], there is an advantage to our
simple model which allows a variable separation in solving
the steady-state equations for the plasma.
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The experiment and the probe measurements are described
in section 5. The experimental results described here are
detailed measurements of the ion saturation current into a
Langmuir probe inside a helicon plasma source [16–24]. The
ion saturation current was measured in various locations inside
the source as a function of the applied magnetic ﬁeld intensity
and of the wave power. We then attempt to understand the
dependence of the plasma density (deduced from the measured
ion saturation current) on the magnetic ﬁeld intensity and on
the wave power. The dependence of the plasma density on
the magnetic ﬁeld intensity is often discussed in the literature,
usually in relation to the helicon wave–plasma interaction. In
this paper we apply our model to seek the relation between
the dependence of the plasma density on the magnetic ﬁeld
intensity and on the wave power and particle and energy
balance. There are two possible reasons for the observed
increase in density with the increase of the magnetic ﬁeld
intensity. One such reason is an improved radial conﬁnement
by the magnetic ﬁeld. We show that if the better conﬁnement
is indeed the main reason for the density increase, it is implied
that the electron collisionality that causes the transport of the
electrons across the magnetic ﬁeld lines is much larger than
expected from electron–ion and electron–neutral collisions.
Although the high collisionality is also consistent with the
weak dependence of the plasma impedance on the magnetic
ﬁeld intensity, as we indeed see experimentally, we ﬁnd it hard
to conclude that such a high anomalous electron collisionality
actually exists in our plasma. Rather, we suggest a second
reason as the main reason for the density increase. For a ﬁxed
total wave power the increase in the magnetic ﬁeld increases the
wave–plasma coupling via the helicon interaction, causing a
larger fraction of the total wave power to be deposited inside the
helicon source. This second possible reason will be examined
in a following paper.
The solution of the equations in the radial direction
for classical and anomalous electron resistivity and the
comparison with the experiment are described in section 6.
We conclude in section 7.

mi and me are, respectively, the ion and electron masses, v
and ve are, respectively, the ion and electron ﬂow velocities,
νei , νeN and νie = νei me /mi are the electron–ion, electron–
neutral and ion–electron collision frequencies, T is the electron
temperature, φ is the electrostatic potential and νion is the
ionization frequency. Cylindrical coordinates r, θ and z are
used. The ion pressure is neglected since the ion temperature
is usually smaller than the electron temperature. Adding
equations (2) and (3), we obtain the momentum balance
equation:
 · n

v v = −∇nT
− mi ν n
v,
(4)
mi ∇

2. The equilibrium model

Once this assumption is made the spatial distribution of the
wave energy deposition does not affect the plasma steadystate, what matters is only the total energy deposited. The
assumption of a uniform electron temperature is justiﬁed to a
certain extent by the heat conductivity of the electrons being
large. The implications of this assumption on the accuracy
of results of the calculation will be tested in a future study.
Here we take advantage of the variable separation that is made
possible because of this assumption.
When the geometry, the neutral density, the intensity of
the magnetic ﬁeld and the transport coefﬁcients are speciﬁed,
the temperature, the electric potential and the density proﬁle
are usually determined by the solutions of equations (1) and (4)
that describe particle balance, and by the requirement that
the boundary conditions be satisﬁed. The actual value of the
plasma density is determined by power balance:


T ≡ nv⊥ dS = νion n dV ,
P =  T εT ,

In this section we present the ﬂuid equations that describe the
steady-state of a ﬁnite length azimuthally symmetric plasma
cylinder that is immersed in an axial magnetic ﬁeld. We then
perform a variable separation.
The plasma dynamics is governed by the continuity
equation
 · n
∇
v = νion n,
(1)
by the electron momentum equation, in which the electron
inertia is neglected,
 − ∇nT

0 = en∇φ
− enB ve
× ez − nme νeN ve − nme νei (veθ − vθ )eθ

(2)

and by the the ion momentum equation, in which the ion
pressure is neglected,
 · n
 + enB v × ez − nmi νiN v
mi ∇
v v = −en∇φ
−nmi νie (vθ − veθ )eθ .

(3)

Here B is the intensity of the applied axial magnetic ﬁeld, n is
the (quasineutral) plasma density, e is the elementary charge,
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where the coefﬁcients of the tensor ν are:
νrr ≡ (ωci ωce )/νe + νiN + (me /mi )νeN ,
νrθ ≡ −(ωci νeN )/νe ,
νθθ ≡ (me /mi )(νeN νei )/νe + νiN ,

νθr = −νrθ , (5)

νzz ≡ νiN + (me /mi )νeN ,
νrz = νθz = νzr = νzθ = 0.
In writing equation (4) we employed the θ component of
equation (2) and used the relation veθ = (ωce /νe )vr +
(νei /νe )vθ , where νe ≡ νeN + νei and ver = vr , vez = vz . In
equation (5) ωci(e) ≡ eB/mi(e) is the ion (electron) cyclotron
frequency. We analyse the case in which the plasma is
surrounded by insulating walls. A conductor at the axial
boundaries could enable electrons to radially cross ﬁeld-lines.
However, no such conductor is present, and, therefore, there is
no radial or axial current in the plasma.
In a self-consistent approach, such as that of Cho
and Lieberman [14], the spatial distribution of the electron
temperature is determined by the spatial distribution of
the wave energy deposition into the electrons and by the
electron energy transport processes. We make the simplifying
assumption that the electron temperature is uniform:
T = const.




1 mi
.
εT = εc + 2T + 0.5T 1 + ln
2π me

(6)

(7)
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Here P , the total deposited power, is equal to the rate of plasma
generation (which equals the rate at which plasma escapes from
that volume T ) multiplied by εT , the average energy lost in
the production of one electron–ion pair [1]. This lost energy
includes the energy cost for ionization εc , and the energy lost by
electrons and ions at the plasma boundaries. We note that, as
long as no current is drawn at the plasma boundaries, the energy
gained by the ions while crossing the sheath at these boundaries
(an energy that is several times the electron temperature) is
equal to the energy lost by the electrons that cross the sheath.
When this energy is included in εT , it should be understood
as an energy that has been deposited in the electrons in the
plasma bulk. We also note that the total particle ﬂux T is
determined only by the total deposited power P and by the
electron temperature T that determines εT .
We turn now to solve the equations by a variable
separation. Within the assumptions of uniform transport
coefﬁcients and temperature, we seek a solution of the form:
n(z, r) = n0 f (r)g(z),
veθ = veθ (r),

vr = vr (r),

vz = vz (z),

vθ = vθ (r),

φ(z, r) = φ1 (z) + φ2 (r).

(8)

The plasma column is of a length L and radius a and is assumed
to be symmetrical in the z direction, so that the maximal density
is at its centre, and we write f (0) = g(0) = 1. From the
continuity and momentum equations we obtain:
∂
(rf vr ) = νr rf,
∂r


vr vθ2
∂
vr
2
2 ∂
2
+ vr vr = −cs νr − vr −
νion vr −
r
∂r
∂r
r
−νrr vr2 + νrθ vr vθ ,
∂
v θ vr
+ vr vθ = −νθ θ vθ − νθ r vr ,
νion vθ +
r
∂r
∂
(gvz ) = (νion − νr )g
∂z
and



(9)

(10)
(11)
(12)



∂
∂
(13)
vz = cs2
vz − (νion − νr ) − νzz vz2 .
∂z
∂z
√
Here cs ≡ T /mi is the ion acoustic velocity. We write the
ionization frequency as

νion vz2 + vz2

νion = βN,

β ≡ σion v edf ,

(14)

where the brackets   denote averaging over the electron
velocity distribution function, σion is the ionization cross
section, vedf is the electron velocity and N is the neutral density.
We therefore have a set of ordinary equations for the
ﬁve unknown functions f , g, vr , vθ and vz . The boundary
conditions at the radial and axial boundaries determine the
values of the parameters T and νr (a parameter that results from
the variable separation), which turn out to be eigenvalues of
the problem. Once these ﬁve functions and two parameters are
found, the electron momentum equation is used to determine
the values of veθ , φ1 and φ2 :
ωce
νei
vr + vθ ,
νe
νe
T ∂ ln g me νeN
∂φ1
=
+
vz
∂z
e ∂z
e
veθ =

(15)
(16)

and

∂φ2
me νeN
T ∂ ln f
(17)
=
+ Bveθ +
vr .
∂r
e ∂r
e
Before continuing we note that the approximated electric
potential is given by the r component of equation (3) in which
we neglect the ion inertia and assume vθ = 0: ∂φ2 /∂r =
−(mi νiN /e)vr . Comparing this expression to equation (17) it
is clear that
T ∂ ln f
 −Bveθ ,
e ∂r

T ∂ ln f
.
e ∂r

∂φ2
∂r

(18)

To lowest order there is a balance in the r direction between the
electron and the magnetic ﬁeld pressures. The radial electric
ﬁeld is small (except very near the radial boundary where the
ion inertia plays a role). The axial electric ﬁeld, however,
is not small. This results from the second term on the RHS
of equation (16) being small. Neglecting this small term we
obtain
T
∼ ln g.
(19)
φ1 =
e
Here the zero of the potential is at the peak potential of the
plasma.
The total radial and axial ﬂuxes through the boundaries
become, when variables are separated,
zT = 2π a 2 n0 f¯(gvz )z=L/2 ,
rT = 2π aLn0 ḡ(f vr )r=a ,
 L/2

2 a
1
g(z) dz,
f¯ ≡ 2
rf (r) dr
(20)
ḡ ≡
L −L/2
a 0
and since νion is constant across the discharge (T and N are
uniform), we obtain from equations (9) and (12):
νr f¯a 2
L
,
(gvz )z=L/2 = (νion − νr )ḡ ,
(rf vr )r=a =
2
2
(21)
so that
zT = n0 f¯ḡV (νion − νr )
rT = n0 f¯ḡV νr ,
⇒ T = rT + zT = n0 f¯ḡV νion ,

(22)

where V = π a L is the plasma volume. We make the (not
necessarily true) assumption that g(z) = g(−z).
We turn to the transport coefﬁcient νzz = νiN +
(me /mi )νeN ∼
= νiN , found through the calculation of the drag
on the ions due to their collisions with neutrals. The details of
the calculation and the conditions for its validity are presented
in appendix A. The drag force turns out to be




2Tg 1/2
1
1

NnσiN d + − 3 erf(d)
 = −mi v
mi
d
4d



1
1
+√
1 + 2 exp(−d 2 ) ,
2d
π


mi 1/2
σel
, d ≡
σiN ≡ σcx +
v.
(23)
2
2Tg
Here Tg is the neutral gas temperature and σcx and σel are the
cross sections for charge exchange and elastic collisions. At
the limits of small and large d, the force becomes
2

 ∼

= − 43 mi nσiN NvT v,

d

1,

 ∼
v |
v,
d
1.

= −mi nσiN N|

Here vT = 8Tg /(π mi ) is the gas thermal velocity.

(24)
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The force between ions and neutrals depends on the
magnitude of the ion velocity. Therefore, when the component
of this force is taken along the magnetic ﬁeld, the variable
separation is not possible. In order to enable the variable
separation we approximate the dimensionless velocity d in
equation (23) by dz . By sacriﬁcing some accuracy, we
can reduce the equations to a one-dimensional form, while
the nonlinearity in the ion–neutral collisions is essentially
preserved. The ion–neutral collision frequency takes the
nonlinear form in the axial direction. In the radial direction,
where it is less important, we keep the linear term only and use
νiN = 43 σiN NvT in νrr and νθ θ . This approximation is good
near the plasma axis (where the plasma density is high) and
is less accurate near the radial boundaries (where the plasma
density is low). Also, when the plasma is magnetized the radial
ion velocity is small except near the radial boundaries, which
makes the approximation more accurate.
In the next section we employ the generalized form
of the drag force between ions and neutrals derived here
(equation (23)), to solve the plasma dynamics along magnetic
ﬁeld lines. We then derive expressions for various physical
quantities at three asymptotic limits.

to the product of the gas pressure Pg and the system length
L/2. It is also inversely proportional to the Knudsen number,
which is proportional to the ratio of the ion mean free path,
λi ≡ (σiN N)−1 , to the system length. Note also that b2 is not
constant but rather varies with Mz .
To the momentum equation we add the dimensionless
continuity equation:
∂(gMz )
= bP b0 g ⇒ gs = bP b0 ḡ,
∂ζ

which is integrated with the aid of equation (25) to calculate
gs , the value of g at the sheath at the axial boundaries.
The momentum equation, equation (25), is integrated
to give a relation between Mz and ζ . When the boundary
conditions, equation (26), are imposed, a dispersion relation is
obtained, which provides us with a relation between νr and T ,
in addition to the relation between these two parameters that
we obtain from the radial equations. The relation between Mz
and ζ and the dispersion relation are:


Mz
0



3. The axial ﬂux along magnetic ﬁeld lines

0

When we use the form of the axial force as in equation (23),
equation (13) and the boundary conditions become (in
dimensionless forms)
(1 − Mz2 )

∂Mz
= bP (b0 + b2 Mz2 + Mz3 )
∂ζ

(25)

and
Mz (ζ = 0) = 0,

Mz (ζ = 1) = 1,

(26)

where the axial Mach number, dimensionless coordinate and
parameters are
Mz ≡
b0 ≡

vz
,
cs

β
σiN cs

−

ζ ≡

z
,
L/2

νr
,
σiN cs N

bP ≡

b2 ≡

The ratio vT /cs is
vT
=
cs



β
σiN cs

σiN NL
,
2

+

4vT
P (d).
3cs

8Tg
πT

(27)

(28)

and

√


1
3 π
1
P (d) ≡
d
1 + 2 − 4 erf(d)
8
d
4d



1
1
1
+√
+ 3 exp(−d 2 ) − 1 .
π d 2d

(29)

The variable d, deﬁned in equation (23), can be written as a
function of the Mach number Mz and the ratio vT /cs as
2 cs
Mz .
d=√
π vT

(30)

The function √
P (d) is monotonically decreasing, P (0) = 1 and
P (d) −→ 3 π/(8d) when d −→ ∞. The dimensionless
Paschen parameter bP , bP = [σiN /(2Tg )]Pg L, is proportional
156

(31)

1

(1 − Mz2 )
dMz = bP ζ,
(b0 + b2 Mz2 + Mz3 )
(1 − Mz2 )
dMz = bP .
(b0 + b2 Mz2 + Mz3 )

(32)

Combining equations (25) and (31) we obtain the relations
 Mz
[(b0 + b2 )x + x 2 ]
dx ,
g = exp −
(b0 + b2 x 2 + x 3 )
0
(33)
 1
[(b0 + b2 )x + x 2 ]
dx .
gs = exp −
2
3
0 (b0 + b2 x + x )
Following these relations, equation (19) yields

T Mz [(b0 + b2 )x + x 2 ]
φ=−
dx,
e 0 (b0 + b2 x 2 + x 3 )

T 1 [(b0 + b2 )x + x 2 ]
φs = −
dx.
e 0 (b0 + b2 x 2 + x 3 )

(34)

We turn now to derive expressions for Mz , g and φ in
several limits. We discuss three cases. One case is of linear
diffusion. In this case the collision operator is linear and the
third term in both denominators of equation (32) is neglected.
A second case is that of nonlinear diffusion, in which the
collision operator is nonlinear and the second term in both
denominators of equation (32) is neglected. In both linear
and nonlinear diffusion cases the ion inertia, the second term
in the numerators of equation (32), is neglected. In the third
case the ion inertia, represented by the second term in both
numerators of the equations, is retained, while the third term
in the denominators is neglected.
We ﬁrst determine the transition between the case that the
collision operator is linear to the case that it is nonlinear. Both
the second and third terms in the denominator of the integrand
are monotonically increasing functions of Mz . The transition
between the dominance of the second term and the third term
occurs at Mz = Mz,t that satisﬁes the equality
Mz,t = b2 (Mz,t ).

(35)
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The second term is dominant for Mz
Mz,t while the third
term is dominant for Mz
Mz,t . The third term in the
denominator can be neglected if
3
Mz,t

b0 ,

(36)

because the integrand is then small for M
Mz,t . In this
case the collision operator is linear. The second term in the
denominator can be neglected if
3
Mz,t

b0

(37)

and the collision operator is nonlinear. Equivalently to
equations (36) and (37) we write the conditions for the two
cases in the following forms. The collision operator is
linear when
1/3

b0

3.2. Linear diffusion

1/3

Mz,t = b2 (Mz,t )
b2 (b0 )


2 cs 1/3
β
4vT
=
+
P √
b0
σiN cs 3cs
π vT

(38)

and is nonlinear when
1/3
b0

1/3
b2 (b0 ).

(39)

Note that b2 is a decreasing function of Mz .
3.1. The collision operator being linear
1/3

Let us discuss the form of b2 (b0 ) in the case that the collision
operator is linear. When
2 cs 1/3
b
√
π vT 0

1,

(40)

the condition for the collision operator to be linear (38)
becomes
β
4vT
1/3
+
,
(41)
b0
σiN cs 3cs
while when

2 cs 1/3
b
√
π vT 0

1,

(42)

the condition becomes:
β

1/3

b0

σiN cs



π

+

1/3

4b0

vT
cs

2
.

(43)

This can happen only if
β
σiN cs

π
1/3

4b0

Otherwise
1/3

b0



π
1/3

4b0



vT
cs

vT
cs

.

(44)

2
(45)

which contradicts our assumption, equation (42). If indeed
equation (44) holds, we can neglect the second term in the
expression for b2 altogether. It turns out, therefore, that when
the collision operator is linear we can safely write
b2 =

β
4vT
+
.
σiN cs 3cs

When the collision operator is linear, the ion inertia can be
neglected if
b0
b2 .
(49)
Neglecting the ion inertia, the second term in both numerators
of equation (32), we obtain
 1/2
b0
Mz =
tan[bP (b0 b2 )1/2 ζ ],
b2
(50)
1
1/2
= cos[bP (b0 b2 ) ζ ],
g=
1 + (b2 /b0 )Mz2
 1/2
b0
2
,
ḡ = = 0.636 62
(51)
gs =
b2
π
and the approximate dispersion relation in the form:
π
bP (b0 b2 )1/2 = .
(52)
2
This is the linear diffusion result. Note that sometimes the ion
inertia can be neglected even in the collisionless case, in which
bP = 0. That happens when ionization is balanced by radial
diffusion β ≈ νr /N, so that b0
b2 .
The requirements for the validity of the linear diffusion
1/3
b2 and b0
b2 , together
case, as formulated above, b0
with equation (52), result in
π
π
and
bP b22
,
(53)
bP b 2
2
2
respectively. Since b0
b2 we can approximate
b2 ∼
= b2 − b0 =

2

,

Since b2 in this form is constant and independent of Mz , we
integrate equation (32), in which we neglect the third term in
both denominators, and equation (31). As a result we obtain


1
bP b2 ζ = −Mz +
+ s arctan(sMz ),
s

(1/2)(1+(1/s 2 ))
1
g=
,
1 + s 2 Mz2

 1/2
(1/2)(1+(1/s 2 ))
1
b2
gs =
,
s
≡
. (47)
1 + s2
b0
The dispersion relation becomes


1
bP b2 = −1 +
+ s arctan(s).
(48)
s

(46)

νr L
4vT
+
.
2cs bp 3cs

(54)

Equations (53) and (54) are now written in a form that
determines the regime of validity of the linear diffusion case as

π
νr L 4vT
π
+
bp
(55)
,
bP .
2cs
3cs
2
2
When the conditions (55) hold, the solution of the dispersion
relation (52) and gs become

−1
βNL
νr L
π 2 νr L 4vT
=
+
+
bp
,
2cs
2cs
2
2cs
3cs
(56)
 1/2

−1
b0
π νr L 4vT
=
+
bp
.
gs =
b2
2 2cs
3cs
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The ionization is balanced by radial transport and axial linear
diffusion.

equation (32), when the second term in the denominator and
the ion inertia are neglected, becomes


3.3. Retaining the ion inertia
When the collision operator is linear, the ion inertia should
be retained when b0 ∼
= b2 . This happens when both radial
transport and collisions are small
b0 ∼
= b2 =

β
,
σiN cs

βNL
2cs

νr L
,
2cs

4vT
bp .
3cs

(57)

When these conditions are combined with the condition for the
1/3
b2 ∼
collision operator being linear, b0
= b0 , we ﬁnd that
b0 = β/(σiN cs ) is much larger than unity. In that case
π
− 1 ζ = −Mz + 2 arctan(Mz ),
2
gs =

1
,
2

ḡ =

g=

1
,
1 + Mz2

0.5
= 0.875 97
π/2 − 1

βNL
π
= − 1.
2cs
2

(58)

(59)

Since b2 = b0
1 it means that bP
1. This is the ﬂuid
description of the free-fall presheath that is usually described
kinetically [25]. The ion inertia case is therefore retained when
π
βNL
= −1
2cs
2

νr L
,
2cs

1

bp .

(60)

In summary, if bP
1 and νr L/(2cs )
π/2 − 1, we
obtain the solution (59), valid for the small radial transport,
collisionless case.
3.4. The nonlinear diffusion
When the collision operator is nonlinear, the ion inertia can be
neglected if
1.
(61)
b0
Since b0  b2 , the condition for the collision operator being
1/3
1/3
b2 , holds only if b0
b0 , resulting in
nonlinear, b0
1. Therefore, inequality (61) always holds, and the ion
b0
inertia can always be neglected, when the collision operator is
nonlinear. In summary, the conditions for the validity of the
collision operator being nonlinear are


β
4vT
1/3
+
P
b0
b2 =
σiN cs 3cs

1/3
β
νr
=
−
1.
(62)
σiN cs
σiN cs N
The left inequality ensures the nonlinear diffusion, while the
right inequality justiﬁes the neglect of the ion inertia. As we
explained above, the left inequality insures the right inequality,
which means that when the nonlinear diffusion is valid, the ion
inertia can be neglected.
This regime, in which the nonlinear collision term is
dominant, was explored by Godyak [2]. The solution of
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=

dx
,
1 + x3

g=

1/3

and the dispersion relation becomes
bP b0 =

1/3

Mz /b0

1
.
3
1/3
(1
+
M
0
z /b0 )
(63)
In order to obtain the expression for the density we used the
simpliﬁed nonlinear form of equation (25), in which the ion
inertia was neglected, and equation (31). Consistently with
the neglect of the ion inertia we assume that Mz is inﬁnite at
ζ = 1 and obtain the following approximate expressions and
dispersion relation:
 ∞
dx
2π
2/3
2/3
= √ ,
bP b0 = αG ≡
3
1+x
3 3
0
(64)
1/3
αG
1
ḡ = 2/3 .
gs = 1/2 ,
bP
αG
2/3
b P b0 ζ

We note that (gvz )s approximately equals b0 cs and, as
expected from a diffusion approximation, is independent of
the exact value of the ion velocity at the plasma edge. The
solution of the dispersion relation can also be written as
νr L αG
βNL
=
+
.
2cs
2cs bP1/2

(65)

The ionization is balanced by radial transport and axial
nonlinear diffusion.
We use equation (65) in order to express b2 as b2 =
1/2
3/2
1/3 √
νr L/(2cs bP ) + αG /bP + [4vT /(3cs )]P [2cs αG /( π vT bp )].
Inequalities (62) and the resulting dispersion relation (64)
together deﬁne the regime of validity of this approximation
2/3
2/3
bP
αG (b2 )−2 . The right inequality can be
as αG
1/3 1/2
1/3 1/2
αG /bP . Therefore, αG /bP has to be
written as b2
much larger than each of the three terms composing b2 . It
can be easily veriﬁed that, in order to be larger than the third
term in the expression for b2 , the argument of P should be
much larger than unity. The requirements for validity of the
nonlinear approximation become



2/3 
4αG
cs 2
νr L 2 1
2/3
.
(66)
,
α
b
P
G
2/3
2cs
π
vT
αG
We have therefore characterized the three asymptotic
regimes for the ion axial transport, the linear diffusion, the
nonlinear diffusion and the ion inertia regime.
In appendix B we reexamine the diffusion regime, which
encompasses both linear and nonlinear diffusions in the axial
direction, and a linear diffusion in the radial direction. This
diffusion regime is obtained when we make the approximations
of neglecting the ion inertia in both axial and radial directions as
well as the azimuthal ion velocity, so that vθ = 0. As is shown
in appendix B, the linear diffusion in the radial direction yields
the well-known form for the parameter νr ,
ωci ωce
,
νrr =
νe
p 2 c2
p 2 c 2 νe
νr = 21 s = 21 s
, p1 = 2.4048.
(67)
a νrr
a ωci ωce
In appendix C we rewrite the asymptotic expressions derived
in this section for the case the linear diffusion holds in the
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radial direction and the parameter νr takes the form as in
equation (67).
In the next section we demonstrate the three asymptotic
limits within a numerical example.

4. Numerical example
Let us assume that the plasma is strongly magnetized,
(68)

so that the radial diffusion is negligible. We then neglect
the terms proportional to νr (or to νe /ωci ωce ) in the
equations.
Employing the relations from the previous
section, the three regimes, the ion inertia regime (60), the
nonlinear diffusion regime (66), and the linear diffusion
regime (55), are reduced to

2/3 
4αG
cs 2
2/3
(1) bP
1,
(2) αG
bP
,
π
vT
 
9π cs 2
.
(3) bp
32 vT
(69)
Using the form bP = [σiN /(2Tg )]Pg L, we ﬁnd that the
transition between the nonlinear and linear diffusion occurs
when the Paschen parameter has the approximate value
Pg L ≈

T
.
σiN

(70)

For an argon discharge in which T is a few electronvolts and
L several tens of centimetres, the gas pressure is on the order
of 10 mTorr.
The solutions of the dispersion relation, equations (59),
(65) and (56), are reduced at the limit (68) to
(1)

π
βNL
= − 1,
2cs
2
(3)

αG
βNL
= 1/2 ,
2cs
bP

(2)

βNL
1
=
2cs
bP

π
2

2

3cs
.
4vT

0

bP =

1
b0
(3)

π
−1 ,
2
bP2

1
=
b0

(2)
π
2

2

3/2

bP =

3cs
.
4vT

αG
,
b0

(72)

√
The quantity b2 is b2 = b0 + 43 (vT /cs )P ((2/ π)(cs /vT )x).
We now express β as [1]:


2T
i
,
(73)
exp −
β ≡ σion vedf  = σ0 vte 1 +
i
T

gs = 21 ,
(3)

gs =

(2)

π
gs =
2bp



3cs
4vT



αG

1/2

bP

,

(74)

.

These four dependences are shown in ﬁgure 2. Figure 3
shows 1/εT , the particle ﬂux per power unit, as a function
of log10 bp . We approximate the energy cost for ionization
as εc = 120 eV −20T , which is a good approximation for
2 eV  T  4 eV. Since εT is a nonmonotonic function of T ,
so is 1/εT . Figure 4 shows the plasma potential −φs as a
function of log10 bp . The plasma potential −φs is determined
by equation (19) as −φs = −(T /e) ln gs , while gs and T take
their accurate values or one of the approximated forms, as
speciﬁed in equation (74). Note that the plasma potential is
also not monotonic with respect to bp since it is a product of
T and ln gs , which is a decreasing function of T .
In order to calculate the maximal line density n0 a 2 we
employ the equation
n0 a 2 =

(71)

Although the relations between the various physical
parameters are clearer in equation (71), we ﬁnd that for the
numerical example, it is useful to express all the quantities
as a function of the dimensionless Paschen parameter bP ,
the parameter b0 (which we write as b0 = β/(σiN cs ) at the
limit (68)), and the ratio vT /cs . In this way we show the relation
between the Paschen parameter bP and the electron temperature
T and other gas parameters. The dispersion relation in general
form and at the three asymptotic limits is
 1
(1 − x 2 )(b0 + b2 x 2 + x 3 )−1 dx,
bp =
(1)

1/3

(1)

P
.
2π f¯(gvz )z=L/2 εT

(75)

At the diffusion limit in the radial direction, the radial proﬁle
is described by (95) so that f¯ = 0.432. Figure 5 shows
10
general
collisionless
nonlinear
linear

8

T (eV)

νr = 0,

where vte ≡ (8T /πme )1/2 and σ0 ≡ π(e/4π 0 i )2 , 0 being
the permittivity of the vacuum and i the ionization energy.
Figures 1–5 show, respectively, T , gs , 1/εT , −φs and n0 a 2
as a function of log10 bP for argon (σiN is estimated as
σiN = 10−18 m2 [26] and i = 15.76 eV, and the gas is
at room temperature, Tg = 0.026 eV). In ﬁgure 1 the four
relations between the temperature T and bP are determined by
equation (72). The ratio of the plasma densities at the sheath
edge and at the centre in the general form (33) and at the three
limits, collisionless (58), nonlinear diffusion (64) and linear
diffusion (56), is
 1
[(b0 + b2 )x + x 2 ]
dx ,
gs = exp −
2
3
0 (b0 + b2 x + x )

6

4

2

0
–1

0

1
Log b

2

3

10 P

Figure 1. The electron temperature T as a function of log10 bP for
argon. The four relations are determined by equation (72).
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Figure 2. The density ratio gs as a function of log10 bP for argon.
The four relations are determined by equation (74). The four curves
denote the same four cases as in ﬁgure 1.

Figure 4. The plasma potential −φs as a function of log10 bp for
argon. The four curves denote the same four cases as in ﬁgure 1.
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Figure 3. The particle ﬂux per power unit, 1/εT , as a function of
log10 bp for argon. The four curves denote the same four cases as in
ﬁgure 1.

n0 a 2 as a function of log10 bp , for the general case and for
the three approximate cases. For each of the four cases the
temperature is determined by the solutions in equation (72),
and we use the values of (gvz )z=L/2 = gs cs , where gs is
given by equation (74). The nonmonotonic behaviour of εT
is reﬂected in the nonmonotonic behaviour of n0 a 2 .
In the next section we describe the experimental system
and experimental results that we compare to our theoretical
calculations.

5. The experimental system
The experimental system is shown in ﬁgure 6. This is a
helicon plasma source that is composed of a vacuum chamber,
a gas ﬂow controller, solenoids that generate an axial magnetic
ﬁeld, a radiofrequency generator with matching units and
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Figure 5. The density per unit length n0 a 2 as a function of log10 bp
for argon. The four curves denote the same four cases as in ﬁgure 1.

an antenna. The plasma is generated inside a Pyrex tube,
52 cm in length and 10 cm in diameter. The radiofrequency
generator radiates at 13.56 MHz and the power is varied in the
experiments described here up to 500 W. The antenna is a helix
of six turns of a total length of 35 cm and a 11 cm diameter.
The wave excited by the antenna and its coupling to the plasma
are not discussed in this paper. The magnetic ﬁeld intensity
is varied up to 700 G. The vacuum chamber and Pyrex tube
are pumped to a base pressure of 5 × 10−6 Torr. The working
gas in the measurements described here is argon. The argon
mass ﬂow rate was 7.1 standard cubic centimetres per minute
(sccm) and the working pressure 2.5 mTorr.
Employing a Langmuir probe system we have measured
the ion saturation current for various wave power levels and
magnetic ﬁeld intensities. The probe was a ﬂat tungsten
probe of diameter 1 mm that was protected by a L-ﬁlter
(L = 0.46 mH) and was operated at a potential −100 V
referenced to ground. The ion density was calculated from
the ion saturation current according to the usual model of
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Figure 8. The ion saturation current at the centre of the discharge as
a function of the magnetic ﬁeld intensity for three different values of
wave power.
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Figure 6. The experimental system.

Figure 7. The ion saturation current along the axis of symmetry of
the helicon source for three different wave powers. The magnetic
ﬁeld intensity is 650 G. The coordinate z is as shown in ﬁgure 6.

a planar probe with a collisionless sheath. This method is
applicable as long as the sheath size is much smaller than
the probe dimension. For our parameters the plasma density
should be much larger than 2 × 1010 cm−3 . The lower density
reported here is 2 × 1011 cm−3 , so that the above condition for
validity is reasonably satisﬁed. In the ﬁgures the zero of the
z axis is located on the connection plane of the Pyrex tube and
the vacuum chamber (see ﬁgure 6). The antenna is therefore
located between z = 8 cm and z = 43 cm. A processing table
is positioned in the vacuum chamber at z = −32 cm.
Figures 7 and 8 present some results of the measurements.
Figure 7 shows the ion saturation current at various locations
along the axis of symmetry of the Pyrex tube for three
different values of wave power at a magnetic ﬁeld intensity
of 650 G. As expected, the density increases when the wave
power is increased. However, the density proﬁle is not
symmetric in the z direction with respect to the centre of the
cylinder, in contradiction to the theortically calculated proﬁles
in section 6. This measured asymmetry probably results
from nonuniformities, perhaps in the neutral gas density or in
the electron temperature. Despite the difﬁculty in describing
the details of the measured density distribution by the theory,
we use the theory to understand the dependence of average
values of the plasma density on the magnetic ﬁeld intensity
and on the wave power.
Figure 8 shows the ion saturation current at the centre
of the discharge as a function of the magnetic ﬁeld intensity

for three different values of the wave power. Apparent are
the increase of the ion saturation current and of the deduced
plasma density with the increase of both the intensity of the
magnetic ﬁeld and the wave power. A similar increase of the
plasma density with the increase of the magnetic ﬁeld intensity
in a helicon source has recently been shown [24]. In that
experiment the cylindrical tube is closed at its far end and the
length of the source L is well deﬁned. In the analysis of our
experiment we also assume that the plasma length is effectively
the Pyrex tube length. This assumption is not necessarily
accurate for our experiment. In a conﬁguration such as ours, in
which the plasma expands from the helicon source into a wide
chamber, it can reach supersonic velocities somewhere in the
chamber, as has been suggested theoretically [27]. Indeed,
recently, an abrupt acceleration to supersonic velocities in a
form of a double layer has been discovered [28, 29] and later
reconﬁrmed [30]. We believe, however, that the inaccuracy
associated with our assumption has only a small effect on the
calculation of the plasma steady state.
The ion saturation current in ﬁgure 8 is not monotonic at
low values of the magnetic ﬁeld intensity. Such nonmonotonic
behaviour is often observed [31] and has been theoretically
addressed [32].
As stated in the introduction, we examine here the
suggestion that the reason for the observed increase in density
with the increase of the magnetic ﬁeld intensity is an improved
radial conﬁnement by the magnetic ﬁeld. To that end we solve
in the next section the set of equations that describe the radial
transport, equations (9)–(11).

6. Radial transport
In our attempt to investigate the effect of the magnetic ﬁeld
intensity on the plasma parameters, we could have made the
diffusion approximation for the radial transport. We would
then have used the expression for νr from equation (67).
Moreover, assuming that one of the three asymptotic limits
for the axial transport is valid, we could have used one of
the approximate dispersion relations, equations (106), (108)
or (104). Since we want to retain the ion inertia in the
radial direction as well as the azimuthal component of the ion
velocity, we cannot make the diffusion approximation in the
radial direction. We solve the equations for the radial transport
in their original, more general form (equations (9)–(11)).
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However, rather than solving the full set of equations (9)–(13)
that describe the coupled axial and radial dynamics, we make
use of the approximate analytical results derived in the previous
section for the axial direction. In our experiment the pressure
of the argon gas is 2.5 mTorr, and, as before, σiN = 10−18 m2
[26] and the gas is at room temperature, Tg = 0.026 eV. The
calculated Paschen parameter turns out to be bp = 18
1.
Therefore, according to equation (60) the ion inertia can be
neglected in the equations that describe the axial transport. For
T = 3 eV and for our plasma length the critical pressure (70)
is about 7.5 mTorr, larger than the pressure in our experiment
(in [24] the gas pressure is similar but the tube is longer, making
the gas pressure and the critical pressure of similar values).
This means that in our experiment the right inequality in (66)
holds. If also the left inequality in (66) holds, we can assume
that the axial dynamics is dominated by nonlinear diffusion.
We make this assumption here, reminding the reader that if
the form for νr in equation (67) is valid, the left inequality in
(66) holds for a strong magnetic ﬁeld. We note that, as is seen
in ﬁgures 1–5, even when nonlinear diffusion is dominant,
retaining nonlinear diffusion only in the calculation leads to
a certain inaccuracy. The resulting calculated temperature
is probably overestimated by few per cent and the density is
underestimated by roughly 30%.
Assuming that the axial dynamics is approximately
dominated by nonlinear diffusion, we therefore write the
parameter νr as
2cs αG
νr = βN −
,
(76)
1/2
LbP
according to equation (65).
Equations (9)–(11), in
dimensionless form, become


∂f
f
2
2αG a
f
aβN
f ∂Mr
−
− −
=
,
∂ξ
cs
L
σiN NL Mr
ξ
Mr ∂ξ
(77)
(1 − Mr2 )

+

2
2αG a
aβN
−
cs
L
σiN NL


 Mr
aβN
aνrθ
+
Mθ Mr − 1 + Mθ2
Mr2 −
cs
cs
ξ
(78)

∂Mr
=
∂ξ

aνrr
cs





and


aνθ θ aβN
∂Mθ
aνθ r
Mθ Mr
+
Mr −
Mθ −
=−
.
Mr
∂ξ
cs
cs
cs
ξ
(79)
In these equations
Mr ≡

vr
,
cs

Mθ ≡

vθ
,
cs

ξ≡

r
.
a

(80)

The boundary conditions are a regularity of the solutions at
ξ = 0 and Mr (ξ = 1) = 1. Here, as in our experiment,
a = 5 cm, L = 45 cm and N = Pg /Tg = 8 × 1019 m−3 . In
calculating the numerical values of the coefﬁcients in these
equations, we use the following expressions for the collision
frequencies. The electrons collide with the argon neutrals at
a frequency νeN = σeN vedf N, where σeN is the electron–
neutral collision cross-section. We use an expression that
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approximates the values of σeN vedf  as given in the plot
in [26]. The electrons are ﬁrst assumed to collide with ions
at the classical binary collision frequency [33] νei ∼
= 2.9 ×
10−12 n ln T −3/2 s−1 . In these two expressions the neutral gas
and plasma densities are expressed in m−3 while T is expressed
in electronvolts. The ion–neutral collisions are not important
in the plasma radial transport. We therefore do not make a
detailed analysis of these collisions, as we did do in section 3.
Rather we assume, for simplicity, that the collision operator can
be linearized, so that the collision frequency is νiN = 43 σiN vT N
as in equation (24). For the speciﬁed geometry, gas pressure
and magnetic ﬁeld intensity, the electron temperature turns
out, as before, to be an eigenvalue of the problem. The
second eigenvalue, νr , has been eliminated by employing
equation (76). In fact, since νei is a function of the plasma
density both the electron temperature and the electron density
are unknowns in equations (9)–(11). Moreover, the electron
density is not uniform. We approximate the electron density
n in the expression for νei by n0 /2. The peak density n0 is
calculated from the expression
2/3

n0 =

P αG
,
f¯V βN εT

(81)

obtained from equations (7), (14) and (22). Here f¯ is found
by a numerical calculation according to the deﬁnition in (20).
2/3
We also use the relation ḡ = 1/αG from equation (64).
We assume that the wave power that is radiated by the
antenna and not reﬂected towards the generator is completely
deposited in the plasma. That value of wave power is
substituted as P in equation (81). This assumption will be
questioned later.
The values of T and of n0 as functions of the magnetic ﬁeld
intensity B, calculated for various wave powers P , are shown
in ﬁgures 9 and 10. The electron temperature T decreases
when the magnetic ﬁeld increases. We do not present here
measurements of T , but such a dependence of T on B has
been recently measured [24]. Since the electron temperature
T also depends on the electron density n0 (through the electron
collisionality), which, in turn, depends on the wave power P
(equation (81)), the electron temperature in ﬁgure 9 also
depends on the wave power. However, as seen in the ﬁgure,
the differences between the values of T for different values of
wave power P are small. The dependence is weak because
electrons collide with ions much less than with neutrals, and
therefore the dependence of the total electron collisionality on
the ion density is also small.
As seen in ﬁgure 10, the measured dependence of the
plasma density n0 on the magnetic ﬁeld intensity and on
the wave power is qualitatively similar to the dependence
predicted by the solution of the equations. The density
increases as either B or P are increased. However, in
contrast to the qualitative similarity between the experimental
and theoretical dependencies, there is a striking quantitative
disagreement. The density calculated from the measurements
is signiﬁcantly lower than the density found by a solution of the
equations. Moreover, while the the calculated density reaches
saturation around a magnetic ﬁeld somewhat larger than 100 G,
the measured density keeps increasing even at the maximal
magnetic ﬁeld of 650 G, albeit with values lower than the
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3.5

T (eV)

in our case, by nonlinear collisions with neutrals, and is not
affected by the magnetic ﬁeld intensity. When the magnetic
ﬁeld is strong enough the radial transport becomes much
smaller than the axial transport and the density does not
continue to increase as the magnetic ﬁeld increases. This
should happen when
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Figure 9. The electron temperature as a function of the magnetic
ﬁeld intensity. The three dotted lines show the results for a classical
electron collisionality. The solid line is for the case of anomalous
Bohm electron collisionality.
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Figure 10. The measured (discrete signs) and calculated (——)
density n0 as a function of the magnetic ﬁeld intensity for the three
wave powers as in ﬁgure 9. The density is calculated with the
assumption of classical electron collisionality.

calculated ones. The value of the magnetic ﬁeld at saturation
can be estimated from equation (108),
p2 cs νe L
βNL
αG
= 12
+ 1/2 .
2cs
2a ωci ωce bP

(82)

The two terms on the RHS of the equation represent plasma
radial and axial transport. The rate of the radial transport
is determined mostly by electron cross-ﬁeld diffusion that is
induced by electron collisions across the impeding magnetic
ﬁeld. The origin of the increase of the density n0 with the
increase of magnetic ﬁeld intensity B for a ﬁxed value of
wave power P could be the improved radial conﬁnement by the
magnetic ﬁeld. That improved conﬁnement results from the
radial electron mobility being impeded by the magnetic ﬁeld,
as expressed by the term ωci ωce /νe in the coefﬁcient νrr , and in
the approximated dispersion relation (108). The plasma axial
transport is determined by the ion mobility that is impeded,

αG
1/2

bP

.

(83)

If cs  2460 m s−1 and νe ≈ 107 s−1 (T ≈ 3 eV), then
B
100 G for inequality (83) to hold. This estimate of the
magnetic ﬁeld intensity at which the plasma density saturates,
indeed agrees with the full numerical solution but contradicts
the experimental result, both are shown in ﬁgure 10.
Nevertheless, we can interpret the increase of density with
the increase of magnetic ﬁeld intensity as a result of improved
conﬁnement only if we assume an electron collision frequency
νe that is higher than the sum of electron–neutral and electron–
ion collision frequencies, as was used in the calculations shown
in ﬁgure 10. We choose a value that corresponds to Bohm
diffusion,
ωce
νe =
.
(84)
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As is shown in ﬁgure 11, the plasma density that is calculated
with this value for the electron collisionality agrees with the
measurements. The dependence of T on B in the case that
equation (84) holds is also shown in ﬁgure 9. The decrease of
T is much slower in this case.
Further support for the interpretation of the density
increase with the increase of the magnetic ﬁeld intensity as
a result of an improved radial conﬁnement, might be found
in ﬁgures 12–14. Figures 12 and 13 show the calculated
normalized plasma ﬂow velocity and density. In ﬁgure 12 the
plasma is not magnetized. There is no plasma rotation and the
radial velocity increases gradually towards the wall. The radial
proﬁle is relatively ﬂat and the plasma density near the wall is
quite high relative to the peak plasma density. This means that
a large part of the plasma is lost radially. Figure 13 presents the
opposite case of a strongly magnetized plasma (0.13 T in the
calculation, but it is similar at 0.08 T, the maximal magnetic
ﬁeld in the experiment). In the magnetized plasma the density
is peaked at the cylinder axis, and there is a small region only
near the radial wall in which the plasma is accelerated to the
sonic velocity. The density at the wall is very small (and so
is the radial ﬂux to the wall). Interestingly, there is a small
plasma rotation—the velocity Mθ is not zero. Such a rotation
is possible in a magnetized plasma if there are electon–neutral
collisions, as is clear from equation (79). Figure 14 shows the
radial proﬁle of the density at the axial centre of the plasma
as calculated from the probe measurements. Indeed, as the
magnetic ﬁeld is increased, the ratio of the plasma densities at
the edge and on axis becomes smaller, similarly to the ratio
that could be calculated from the theoretical results shown
in ﬁgures 12 and 13. The anomalously high collisionality is
therefore consistent with the dependence of the radial plasmadensity proﬁle on the magnetic ﬁeld intensity, as we see
experimentally. It is also consistent with the weak dependence
of the plasma impedance on the magnetic ﬁeld intensity that
we indeed observe.
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Figure 11. The measured (signs) and calculated (——) density n0
as a function of the magnetic ﬁeld intensity for the three values of
wave power as in ﬁgure 9. The density is calculated with the
assumption of anomalous Bohm electron collisionality.
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Figure 13. The calculated normalized plasma ﬂow velocity and
density as a function of r in a magnetized plasma (0.13 T). The
density is peaked at the cylinder axis, and there is a small region
only, near the radial wall, in which the plasma is accelerated to the
sonic velocity. The density at the wall is very small (and so is the
radial ﬂux to the wall). There is a small plasma rotation.
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Figure 12. The calculated normalized plasma ﬂow velocity and
density as a function of r in a nonmagnetized plasma. There is no
plasma rotation and the radial velocity increases gradually towards
the wall. The radial proﬁle is relatively ﬂat and the plasma density
near the wall is quite high relative to the peak plasma density.
A large part of the plasma is lost radially.

Despite this seemingly ample evidence for the anomalous
electron collisions, we ﬁnd it hard to conclude that such a
high anomalous electron collisionality actually exists in our
plasma (at B = 600 G the collision frequency according
to equation (84) should be about 60 times the classical
collisionality). We cannot point to any mechanism that could
cause such a high anomalous collisionality. We suggest,
rather, a second process that should be examined as the main
reason for the density increase. This second process is an
improved wave–plasma coupling via the helicon interaction,
causing a larger fraction of the total wave power to actually be
deposited inside the helicon source. The power P that should
be employed in equation (81) is not the power radiated by the
antenna, but rather that fraction of the power actually deposited
in the plasma, a fraction that increases with the increase of the
magnetic ﬁeld. The fate of the power that is not absorbed in
the plasma, whether it is absorbed in a sheath near the antenna,
in the dilute plasma in the vacuum chamber, or elsewhere, will
be investigated in the future.
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Figure 14. The radial proﬁle of the density at the axial centre of the
plasma as calculated from the probe measurements. As the magnetic
ﬁeld is increased, the ratio of the plasma densities at the edge and on
axis becomes smaller, similarly to that shown in ﬁgures 12 and 13.

7. Summary
We have developed a two-dimensional steady-state model,
in which, even though ion inertia was retained, a variable
separation enabled us to analyse separately the axial and the
radial transports. For the axial transport (along magnetic ﬁeld
lines) an integral dispersion relation was derived that includes
a nonlinear form obtained from the ion–neutral collision
operator, in which the neutrals have a ﬁnite temperature. The
dispersion relation was solved for various values of the Paschen
parameter and was shown to have three asymptotic limits:
collisionless, linear diffusion and nonlinear diffusion. The
results obtained by solutions of the model equations, that
include the impeding of the radial transport by the magnetic
ﬁeld, were compared to probe measurements performed inside
our helicon source. We have shown that the proposition that
the measured increase in the plasma density with the increase
of the magnetic ﬁeld intensity is a result of an improving
conﬁnement, implies that the electron collisionality is much
larger than expected from electron–ion and electron–neutral
collisions. When Bohm diffusion was assumed, a good
agreement between theory and experiment was found.
Since the collisionality that could cause Bohm diffusion
is anomalously high in our case, we suggest a different
explanation for the dependence of the density on the magnetic
ﬁeld intensity. This different explanation, that the density
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increase that follows an increase of the magnetic ﬁeld intensity
results from an improved wave–plasma coupling via the
helicon interaction, will be examined in the future. The
assumption that the neutral density does not vary will also
be relaxed and neutral depletion will be incorporated in the
model.
We believe that the analysis presented here is a signiﬁcant
step towards a more comprehensive analysis, that should
address simultaneously the wave energy deposition in the
plasma and the transport processes. Such an analysis should
also provide the spatial distribution of the electron temperature
by including an energy equation for the electrons.
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Appendix A. The collision term
Here we derive the form of the transport coefﬁcient νzz =
νiN + (me /mi )νeN ∼
= νiN . To that end we calculate the drag
on the ions due to their collisions with neutrals. We start by
writing the Boltzmann collision operator [34]


dσ
∂f (
vi )
=
d
vN d
|
vi − vN |
∂t
d
vi )FN (
vN ) − Fi (
vi )FN (
vN )]
(85)
×[Fi (
for charge-exchange and elastic ion–neutral collisions. For the
ion energies we are interested in, the cross-sections for both
types of collisions are approximately constant. Also, the total
ion and neutral momenta is conserved, vN = vi + vN − vi . We
therefore write
vi , vN , vi , vN )
dσcx (
vi − vN ),
= d
vi σcx δ(
d
d
σel 
dσel
2


dv  δ(v 2 − vi,cm
) d(cos θcm
) dϕcm
.
=
v
d
d
2π i,cm i,cm i,cm
(86)
Here, for the elastic collisions the cross section is isotropic at
the centre-of-mass frame of reference, the velocity of which is
vi + vN )/2. The angle θcm is measured at the centrevCM = (
of-mass frame of reference with respect to vi,cm . Integrating
over vi yields

∂f (
vi )
= σcx d
vi − vN |[Fi (
vN )FN (
vi )
vN |
∂tcx
vi )FN (
vN )]
(87)
− Fi (
for charge-exchange collisions and
  2

vi,cm 
∂f
2
2

= σel d
− vi,cm
) d(cos θcm
)
vN
dvi,cm δ(vi,cm
∂tel
π


× dϕcm
Fi (
vi )FN (
vN ) − Fi (
vi )|
vi − vN |FN (
vN )
(88)
for elastic collisions. In the expression for the elastic collisions

.
we used the relation |
vi − vN | = 2vi,cm

We now make the assumption that the ion and neutral
distributions are known. In particular, we neglect the ion
pressure, as we did in the previous sections. Also, we assume
that the neutral distribution is Maxwellian. Therefore,
vi ) = nδ(
vi − v),
Fi (


3/2

mi
mi vN2
vN ) = N
exp −
.
FN (
2π Tg
2Tg

(89)

For the charge-exchange collisions, the collision operator takes
the form


2
∂f (
vi )
mi
 exp(−di )
= Nnσcx
|di − d|
∂tcx
2Tg
π 3/2




2
exp(−di )
1


+ di +
−δ(di − d)
(90)
erf(di ) .
√
2di
π
In these expressions
di ≡



mi
2Tg

1/2
vi ,

d ≡



mi
2Tg

1/2
v

(91)

and erf denotes the error function. In order to perform the
integration in equation (88) we write the ion distribution
vi ) = (2n/vi )δ(vi2 −
function in spherical coordinates as Fi (
2
v )δ(cos θi − cos θ )δ(ϕi − ϕ). After integrating over vi we
2
2
employ the relation δ(vcm
− vi,cm
) = δ[(
vi − v) · (
vN − v)]
for integration over vN . The integration is then performed over
(
vN − v)⊥ ≡ (
vN − v) − (
vN − v) · (
vi − v)(
vi − v)/|
vi − v|2 ,
resulting in


 di − d|)
 2]
mi
exp[−(di · (di − d)/|
∂f
= Nnσel
 3/2
∂tel
2Tg
|di − d|π




2
exp(−di )
1


− δ(di − d)
+ di +
erf(di ) .
√
2di
π
(92)

vi )/∂t,
The drag is found by calculating d
vi mi vi ∂f (
which,as a result of conservation of the number of particles,
vi − v)∂f (
vi )/∂t. The drag for charge exchange
equals d
vi mi (
vN |
vN − v|(
vN − v)FN (
vN ).
collisions is of the form mi nσcx d
For the speciﬁc distribution functions we chose, for the case of
no ion pressure, the integrals over the second terms in the
collision operators in equations (92) and (90) vanish, and the
total drag becomes




2Tg 1/2
1
1
 = −mi v
NnσiN d + − 3 erf(d)

mi
d
4d



1
1
2
+√
1 + 2 exp(−d ) ,
2d
π
σel
σiN ≡ σcx +
.
(93)
2

Appendix B. The diffusion regime
We make the approximations of neglecting the ion inertia in
both axial and radial directions as well as the azimuthal ion
velocity, so that vθ = 0. The equations that govern the ion
radial transport [(9) and (10)], in which we neglect the LHS,
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become


cs2 ∂
∂
r f + νr rf = 0,
νrr ∂r
∂r


∂
vr
2
−cs νr − vr −
− νrr vr2 = 0.
∂r
r

(94)

Requiring that f (r = a) = 0 (and equivalently vr (r = a) =
∞), we obtain the solution of these diffusion equations as
f (r) = J0
νr =

p1 r
,
a

p12 cs2
,
a 2 νrr

vr (r) =

p1 cs2

J1 (p1 r/a)
,
a νrr J0 (p1 r/a)

(95)

2
f¯ =
J1 (p1 ) = 0.432.
p1

Here J0 and J1 are the zero-order and ﬁrst-order Bessel
functions and p1 = 2.4048 is the ﬁrst zero of the Bessel
function J0 . A solution of the dynamics in the z direction
will provide us with an additional relation between νr and T .
Often we can approximate
νrr =

ωci ωce
.
νe

(96)

Turning to the axial transport, we combine the continuity
equation, equation (31), and equation (25). In equation (25) we
neglect the ion inertia, the second term on the LHS (we retain
one term due to the ion inertia in order for the calculation here
to be consistent with the calculation in section 3). Combining
the two equations we obtain the following equation:
∂
∂ζ

 
g −1 +

∂g
4
1−
bP (b2 )2 g ∂ζ



2bP b0
g. (97)
=
b2

The linear and nonlinear diffusions are recovered at the two
opposite limits. One is
4
bP (b2 )2

1 ⇒

∂ 2g
+ bP2 b0 b2 g = 0,
∂ζ 2

(98)

which is the linear diffusion, in which:

g = cos(bP b0 b2 ζ ),

bP2 b0 b2 =

π
2

2

.

(99)

This dispersion relation (the second equality in equation (101))
is equivalent to the dispersion relation derived in section 3 (64).
1/3
b2 when
The inequality in equation (100) becomes b0
equation (101) is used to express bP . We note that the nonlinear
diffusion equation was solved in [4] for the important case of
nonuniform gas density, exhibiting the resulting asymmetric
plasma density.

Appendix C. Summary of asymptotic results
In this section we summarize the asymptotic limits that were
derived in section 3 and in appendix B. Using the expressions
for νr and for νrr as given in equation (95) and in equation (96),
which are valid in the diffusion approximation in the radial
direction for a large enough magnetic ﬁeld, we write
p2 cs νe L
νr L
= 12
.
2cs
2a ωci ωce

(102)

We substitute this expression for νr into the asymptotic
expressions for the axial transport derived in section 4 and
present here the resulting forms of the various dispersion
relations and ﬂow variables.
The linear diffusion limit was described in section 3.2.
With the expression (102) the condition (55) for the validity of
the linear diffusion approximation becomes

p12 cs νe L 4vT
π
π
+
b
(103)
,
bP .
p
2
2a ωci ωce 3cs
2
2
The solution of the dispersion relation and the density ratio
(56) then become
−1

p12 cs νe L
π 2 p12 cs νe L 4vT
βNL
= 2
+
+
bp
,
2a 2 ωci ωce 3cs
2cs
2a ωci ωce
2
−1

π p12 cs νe L 4vT
+
b
.
gs =
p
2 2a 2 ωci ωce 3cs
(104)
As described above, ionization is balanced by radial diffusion
and by axial linear diffusion.
The case that the ion inertia should be retained was
described in section 3.3. The condition for the validity of this
limit (60) is

1/3

b2 when
The inequality in equation (98) becomes b0
equation (99) is used to express bP . At the opposite limit
4
bP (b2 )2

1,

∂
∂ζ

−g

∂g
3/2
= bP b0 g,
∂ζ

(100)

which is the nonlinear diffusion equation derived by
Godyak [2]. Here it is generalized to be coupled with the
radial dynamics through the coefﬁcient b0 . The solution of
equation (100) is
 g
x dx
2/3
bP b0 (1 − ζ ) =
,
3 2/3
0 (1 − x )
(101)
 1
x dx
2/3
2/3
.
b P b0 = α G =
3 2/3
0 (1 − x )
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π
−1
2

p12 cs νe L
,
2a 2 ωci ωce

1

bp .

(105)

The solution of the dispersion relation and the ﬂow variables
(58) are
βNL
π
= − 1,
2cs
2
1
g=
,
1 + Mz2

π
− 1 ζ = −Mz + 2 arctan(Mz ),
2
1
0.5
gs = ,
ḡ ∼
= 0.875 97.
=
2
π/2 − 1
(106)

The third case, that of nonlinear diffusion, holds when (66)
 2
2

2/3 
4αG
p 1 cs νe L
cs 2
1
2/3
,
α
b
. (107)
P
G
2/3
2a 2 ωci ωce
π
vT
αG
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The solution of the dispersion relation (65) and the density (64)
then become
p2 cs νe L
αG
βNL
= 12
+ 1/2 ,
2cs
2a ωci ωce bP
1/3

gs =

αG

1/2

bP

,

ḡ =

1
2/3

αG

(108)

.

As described above, ionization is balanced by radial diffusion
and nonlinear axial diffusion.
Examining the three limits, we note that for bP small, the
ion inertia limit holds, while for either a large bP or a strong
radial transport, linear diffusion dominates. At intermediate
values of bP nonlinear diffusion is valid.
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